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Abstract
We propose a novel property on the global symmetries of conformal four-point correlators: given a
conformal four-point correlation function fG of a scalar operator O which furnishes an irreducible
representation with dimension N of a global symmetry G ( SO(N): 〈OO†OO†〉 = fG , and fG
satisfies the G-symmetric crossing equation, one can construct a conformal four-point correlation
function of an SO(N) vector scalar φi: 〈φiφjφkφl〉 = f
′
SO(N) by elaborately recombining correlation
functions associated with different invariant tensor structures in fG . We construct f
′
SO(N) explicitly
for specific examples with different groups and representations based on which we conjecture this
property is true in general. The new correlation function f ′SO(N) is unique up to normalization and
satisfies the crossing equation with SO(N) symmetry. If the original correlation function fG admits
an Operator Product Expansion (OPE) with unitary coefficients, then so does the new correlation
function f ′SO(N). We discuss its possible application in conformal bootstrap studies.
∗Electronic address: lizhijin18@gmail.com
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I. INTRODUCTION
In conformal field theories (CFTs), global symmetry describes the structure of the Hilbert
space of physical states, so by definition different global symmetries correspond to different
physical theories. In rare cases the CFT data of certain CFT which originally has global
symmetry G can be organized conspiratorially with an enhanced symmetry G ′ ) G. In
general, CFTs with different global symmetries are expected to have different dynamics,
which are characterized by the CFT data, or equivalently the correlation functions.
Surprisingly, the conformal four-point correlators with different symmetries could have a
much deeper connection. Specifically we propose that based on a correlator 〈OO†OO†〉 ≡ fG
of a scalar O which forms an irreducible representation R with dimension N of a group
G, a new correlation function f ′SO(N) with SO(N) symmetry can be constructed. This
construction will be dubbed SO(N)-ization.1 We have verified this property for a large class
of four-point correlators and we conjecture it is true in general. The new correlation function
f ′SO(N), after decomposed to G representations, has different spectrum comparing with the
original correlation function fG , so this is not the “symmetry enhancement” in the standard
terminology, however, the CFT data in f ′SO(N) is essentially from fG .
The motivation of this work originates from rapid developments in conformal bootstrap
[1, 2] studies revived since the breakthrough work [3], see [4] for a review. Among
many remarkable developments in conformal bootstrap studies, see e.g. [5–8], there is
an interesting phenomenon in the bootstrap results with different global symmetries: the
bootstrap bounds on the scaling dimensions of lowest singlet scalars and certain OPE
coefficients coincide with each other although the bootstrap equations have distinct forms
for different symmetries and representations. Such a bound coincidence was firstly observed
in [9], which shows the singlet bounds from the SO(2N) vector and SU(N) fundamental
bootstraps are the same. More examples on bound coincidences with external scalars
furnishing non-trivial representations of different symmetries have been found in [10–16].
The unexpected bound coincidences indicate an intriguing connection between the
bootstrap algorithm and the structures of the crossing equations with global symmetries.
1 We thank David Poland and Slava Rychkov for discussions/suggestions on the terminology.
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This puzzle has been solved recently in [16]. The proof of bound coincidence is based
on a remarkable property of the crossing equations: the crossing equation with symmetry
G can be transformed into a new form identical to the crossing equation of an SO(N)
vector four-point correlator combined with branching rules SO(N)→ G. Due to this subtle
relation the bootstrap linear functional for the SO(N) vector bootstrap can be used to
construct a linear functional for conformal bootstrap with different global symmetries, which
further leads to coincidences in bootstrap bounds. In this work, we will show the relation
between the crossing equations with different global symmetries has another interesting
result named SO(N)-ization: one can construct a new correlation function with enhanced
SO(N) symmetry from a G-symmetric correlation function.
The SO(N)-ization may relate to another interesting bootstrap problem. In [13] the
author firstly reported a new family of kinks in 3D SO(N) vector bootstrap bounds beyond
the well-known kinks [17] which correspond to the traditional Wilson-Fisher O(N) fixed
points. The new family of kinks show several promising properties based on which the
author conjectured in [13] these kinks are saturated by the IR fixed points of 3D Quantum
Electrodynamics (QED3) [18, 19].
2 A bolder conjecture has been made in [16], which
speculates that a similar new family of kinks in the SO(N) vector bootstrap in general
dimensions relate to fixed points of fermionic gauge theories, e.g., the well-known Caswell-
Banks-Zaks fixed points of 4D Quantum Chromodynamics (QCD4) [20, 21]. On the other
hand, it has already been noticed in [16] that these kinks cannot be directly identified to
the fixed points of fermionic gauged theories, for an obvious reason that the bootstrap kinks
have SO(N) symmetry, while the symmetries of gauge invariant operators in QED3 or QCD4
are rather different and there is no evidence on the SO(N) symmetry enhancement in these
theories from previous studies. It was not clearly known how the fixed points of fermionic
gauge theories could form SO(N) symmetric solutions to the crossing equation. The SO(N)-
ization mechanism that will be studied in this work provides an explicit approach to construct
SO(N) symmetric solutions to the crossing equations based on original correlation functions
with rather different global symmetries.
2 Based on the results in [16], these kinks have exact SO(N) symmetry so the original conjecture in [13]
has been revised in [16].
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II. CROSSING EQUATIONS AND SO(N)-IZATION
The relation between crossing equations with different global symmetries has been
revealed in [16], with an emphasis on its application in conformal bootstrap. In this section
we study the application of this relation to the conformal correlation functions. We will
take the relation between the crossing equations of SO(2N) vector and SU(N) fundamental
scalars as an example. Similar properties can be proved for different global symmetries and
representations based on the explicit forms of crossing equations.3
The crossing symmetry provides highly non-trivial constraints on the correlation func-
tions. In 2D, it has achieved historical successes on rational CFTs [22]. The crossing
symmetry is also the foundation of modern conformal bootstrap [3], in which the crossing
equation is formulated based on conformal block expansion of the four-point correlators. A
systematical approach for crossing equations with global symmetries has been provided in
[23]. Considering a scalar Oα which transforms in an irreducible complex representation R
of group G, its four-point correlator expanded in the s-channel is
〈Oα(x1)O
†
α¯(x2)Oβ(x3)O
†
β¯
(x4)〉 =
1
x2∆O12 x
2∆O
34
∑
i,j
T Ri
αα¯ββ¯
G+Ri(u, v) + T
rj
αα¯ββ¯
G−rj (u, v), (1)
where T Ri/rj are the s-channel invariant four-point tensor structures corresponding to
representations Ri/rj with even/odd spins in the OPE: O×O
†, associated with correlation
functions G±Ri/rj (u, v). The variables u/v are the conformal invariant cross ratios u =
x212x
2
34/x
2
13x
2
24, v = x
2
14x
2
23/x
2
13x
2
24. This correlator can be alternatively expanded in t-channel,
which amounts to exchanging {x2, α¯} ↔ {x4, β¯} in (1). The two expansions lead to the
crossing equation
v∆O
∑
i,j
T Ri
αα¯ββ¯
G+Ri(u, v) + T
rj
αα¯ββ¯
G−rj(u, v) = u
∆O
∑
i,j
T Ri
αβ¯βα¯
G+Ri(v, u) + T
rj
αβ¯βα¯
G−rj(v, u). (2)
Constraints from crossing symmetry can be exhausted by considering another configuration
of the four-point correlator 〈Oα(x1)O
†
α¯(x2)O
†
β¯
(x3)Oβ(x4)〉. Its s- and t-channel expansions
give the crossing equation
v∆O
∑
i,j
T Ri
αα¯β¯β
G+Ri(u, v)− T
rj
αα¯β¯β
G−rj(u, v) = u
∆O
∑
k,l
T˜ Rk
αββ¯α¯
G+Rk(v, u) + T˜
rl
αββ¯α¯
G−rl(v, u). (3)
3 We have verified this for the crossing equations with various global symmetries reviewed in [4].
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The tensor structures and correlation functions in the RHS of (3) are similar to these in (1)
with Rk/rl from the OPE O × O. A complete set of crossing equations can be obtained
from (2) and (3).4
The four-point correlation function of SO(N) vector φi contains three independent
invariant tensor structures
〈φi(x1)φj(x2)φk(x3)φl(x4)〉 =
1
x
2∆φ
12 x
2∆φ
34
× (4)(
δijδklG
+
S (u, v) +
(
δikδjl + δilδjk −
2
N
δijδkl
)
G+T (u, v) + (δilδjk − δikδjl)G
−
A(u, v)
)
,
where S/T/A denote SO(N) singlet, traceless symmetric and anti-symmetric representa-
tions. In generalized free field theory the correlation functions are solved by
G+S = 1 +
1
N
u∆φ
(
1 + v−∆φ
)
, G+T =
1
2
u∆φ
(
1 + v−∆φ
)
, G−A =
1
2
u∆φ
(
−1 + v−∆φ
)
. (5)
Crossing symmetry requires the three functions GS/T/A(u, v) satisfying equations [23]:

0 F+T −F
−
A
F+S
(
1− 2
N
)
F+T F
−
A
H+S −
(
1 + 2
N
)
H+T −H
−
A

 ·


1
1
1

 =


0
0
0

 , (6)
where the functions F/H are (anti)symmetric linear superpositions of G(u, v) and G(v, u)
F (u, v) ≡ v∆φG(u, v)− u∆φG(v, u), (7)
H(u, v) ≡ v∆φG(u, v) + u∆φG(v, u). (8)
The crossing equation from four-point correlators with an SU(N) fundamental scalar Φi [23]
can be written in a matrix form:

0 0 F+Adj −F
−
Adj F
+
T −F
−
A
0 0 H+Adj −H
−
Adj −H
+
T H
−
T
F+S F
−
S
(
1− 1
N
)
F+Adj
(
1− 1
N
)
F−Adj 0 0
H+S H
−
S −
(
1
N
+ 1
)
H+Adj −
(
1
N
+ 1
)
H−Adj 0 0
F+S −F
−
S −
1
N
F+Adj
1
N
F−Adj F
+
T F
−
A
H+S −H
−
S −
1
N
H+Adj
1
N
H−Adj −H
+
T −H
−
T


·


1
1
1
1
1
1


=


0
0
0
0
0
0


, (9)
4 The crossing equation (2) provides sufficient constraints if the representation R is real.
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where the S and Adj sectors appear in the OPE Φ × Φ† ∼ S± + Adj± while the T and A
sectors are from the OPE Φ×Φ ∼ T++A−. The matrix in (9) will be denoted byMSU(N).
Crossing equations of the SO(N) vector (6) and SU(N) fundamental (9) have quite
different forms. Surprisingly, it has been found in [16] the two crossing equations is actually
related through a linear transformation TSU(N):
TSU(N) =


1 0 1
1−2N
0 1
2N−1
0
0 0 1
2N−1
+ 1 0 1
1−2N
+ 1 0
0 2
2N−1
0 1
1−2N
+ 1 0 1
2N−1
+ 1

 . (10)
Applied by TSU(N) the matrix MSU(N) in (9) turns into a new form

0 −x1F
−
S x2F
+
Adj −x3F
−
Adj x4F
+
T −x5F
−
A
F+S x1F
−
S
(
1− 1
N
)
x2F
+
Adj x3F
−
Adj
(
1− 1
N
)
x4F
+
T x5F
−
A
H+S −x1H
−
S −
(
1 + 1
N
)
x2H
+
Adj −x3H
−
Adj −
(
1 + 1
N
)
x4H
+
T −x5H
−
A

 ,
(11)
where
(x1, x2, x3, x4, x5) =
(
1
2N − 1
,
N − 1
2N − 1
,
N2 − 1
N(2N − 1)
,
N
2N − 1
,
N − 1
2N − 1
)
. (12)
We call the constants xi “recombination coefficients”. The transformed matrix is equivalent
to the SO(2N) crossing equation (6) combined with SO(2N)→ SU(N) branching rules
SO(2N) SU(N)
G+S ←→ G
+
S , (13)
G+T ←→ G
+
Adj, G
+
T , (14)
G−A ←→ G
−
S , G
−
Adj, G
−
A. (15)
By imposing the above branching rules and another assumption that there is no mixing
between the functions F and H , which are respectively (anti)symmetric under u ↔ v,
the transformation TSU(N) is unique up to normalization. Besides, it is important that
the coefficients xi in (12) are all positive for N > 1, which guarantees that the positivity
condition will not be violated.
Using conformal block expansions of the crossing equations, the results in (11) and
(12) are sufficient to prove bootstrap bound coincidence, as shown in [16]. Moreover, the
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equations (11) and (12) have another interesting consequence for the conformal correlation
functions. The formula (11) suggests the SU(N) correlation functions also satisfy


0 −F−S F
+
Adj −F
−
Adj F
+
T −F
−
A
F+S F
−
S
(
1− 1
N
)
F+Adj F
−
Adj
(
1− 1
N
)
F+T F
−
A
H+S −H
−
S −
(
1 + 1
N
)
H+Adj −H
−
Adj −
(
1 + 1
N
)
H+T −H
−
A

 ·


1
x1
x2
x3
x4
x5


=


0
0
0
0
0
0


.
(16)
Now let us define a new (SO(2N)-ized) correlation function based on the SU(N)
fundamental correlation functions G(u, v) and the recombination coefficients xi:
〈φ′i(x1)φ
′
j(x2)φ
′
k(x3)φ
′
l(x4)〉 =
1
x2∆O12 x
2∆O
34
× (17)(
δijδklG
′+
S (u, v) +
(
δikδjl + δilδjk −
1
N
δijδkl
)
G′+T (u, v) + (δikδjl − δilδjk)G
′ −
A (u, v)
)
,
with
G′+S (u, v) ≡ G
+
S (u, v), (18)
G′+T (u, v) ≡ x2G
+
Adj + x4G
+
T , (19)
G′ −A (u, v) ≡ x1G
−
S + x3G
−
Adj + x5G
−
A. (20)
Then because of the constraints (16), above correlation function indeed satisfies the SO(2N)
crossing equation (6)! Moreover, since the recombination coefficients xi are positive, as long
as the original SU(N) correlator admits a consistent OPE, i.e., the coefficients are unitary,
so does the SO(2N)-ized correlator. In particular, if the SU(N) fundamental correlator
contains a conserved stress tensor in the singlet sector and a conserved current in Adj−
sector, then these operators will also appear in the SO(2N) singlet and anti-symmetric
sectors. This SO(2N)-ized correlation function has the same locality and unitarity properties
as the original SU(N) fundamental correlator!
Transformation matrices like TSU(N) have been solved for many symmetries G,
5 and the
SO(N)-ized correlation functions can be constructed based on the original G symmetric
5 Three examples with potentially interesting applications in conformal bootstrap studies are provided in
appendices.
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correlation functions similar to (17-20). The general SO(N)-ization can be summarized as:
given an external scalar O in an irreducible representation R with dimension N of a group
G, the crossing equation of its four-point correlator given by MGR , and operators in the
OPEs O ×O† and O ×O satisfying the SO(N)→ G branching rules
SSO(N) ↔ SG , (21)
TSO(N) ↔
m⊕
i=1
Ri, (22)
ASO(N) ↔
n⊕
j=1
rj, (23)
then up to normalization, there is a unique matrix TGR which transforms the crossing
equation MGR to an SO(N) symmetric crossing equation
TGR · MGR =


0 F+Ri . . . −F
−
rj
. . .
F+S
(
1− 2
N
)
F+Ri . . . F
−
rj
. . .
H+S −
(
1 + 2
N
)
H+Ri . . . −H
−
rj
. . .

 ·


1
xRi
...
yrj
...


= 0, (24)
and the SO(N)-ized correlation function (17) can be constructed from correlation functions
of O and the recombination coefficients xi/yj
G′+S (u, v) ≡ G
+
S (u, v), (25)
G′+T (u, v) ≡
m∑
i=1
xRiG
+
Ri
(u, v), (26)
G′ −A (u, v) ≡
n∑
j=1
yrjG
−
rj
(u, v). (27)
This is expected to be true in general and a strict proof for this statement is under study.
III. EXAMPLES OF SO(N)-IZATION
We provide two examples of SO(N)-ization. Let us consider an SU(N) fundamental
scalar Φi, whose four-point correlator can be solved in generalized free field theory
〈Φi(x1)Φ
†
i¯
(x2)Φ
j(x3)Φ
†
j¯
(x4)〉 =
1
x2∆Φ12 x
2∆Φ
34
(δii¯δ
j
j¯
+ δij¯δ
j
i¯
u∆Φ). (28)
8
There are 6 invariant tensor structures in the SU(N) crossing equation (9) and the associated
correlation functions Gi(u, v) can be solved through the four-point correlation function (28)
and its modified configurations 〈ΦiΦ†
i¯
Φ†
j¯
Φj〉, 〈ΦiΦjΦ†
i¯
Φ†
j¯
〉:
G+S = 1 +
1
2N
u∆φ
(
v−∆φ + 1
)
, G−S =
1
2N
u∆φ
(
v−∆φ − 1
)
, (29)
G+Adj = G
+
T =
1
2
u∆φ
(
v−∆φ + 1
)
, G−Adj = G
−
A =
1
2
u∆φ
(
v−∆φ − 1
)
. (30)
Applying the above solutions in (18-20) we can reproduce the exact SO(2N) correlation
function (5). This is consistent but trivial – the SO(2N) symmetry enhancement of the
SU(N) fundamental generalized free field theory is obvious.
A less trivial example is provided by the four-point correlator of the 3D fermion bilinear
operator Omi ≡ ψ¯iψ
m− 1
N
δmi ψ¯kψ
k, which has scaling dimension 2∆ and furnishes the adjoint
representation (Adj) of the SU(N) flavor symmetry. This is a real representation of SU(N),
therefore it suffices to consider the single correlator 〈Omi O
n
jO
p
kO
q
l 〉 only. The crossing
equation of this correlator has been studied using conformal bootstrap [13, 24, 25]. For
N > 4 there are 6 sectors in the crossing equationMSU(N)Adj, which are shown in Appendix
A and explicit formulas of the tensor structures Ti are provided in [24, 25]. The fermion
bilinear four-point correlator is
〈Omi (x1)O
n
j (x2)O
p
k(x3)O
q
l (x4)〉 =
1
x4∆12 x
4∆
34
×(
T
+
SG
+
S + T
+
AdjG
+
Adj + T
−
AdjG
−
Adj + (TAS¯ + TSA¯)
−G−
AS¯
+ T+
AA¯
G+
AA¯
+ T+
SS¯
G+
SS¯
)
. (31)
In the generalized free fermion theory, contributions to the correlator from disconnected
diagrams are
G+S = 1 +
u4∆
(
v−4∆ + 1
)
N2 − 1
, G+Adj =
Nu4∆
(
v−4∆ + 1
)
2 (N2 − 4)
, (32)
G−Adj =
u4∆
(
v−4∆ − 1
)
2N
, G−
AS¯
=
1
4
u4∆
(
v−4∆ − 1
)
, (33)
G+
AA¯
=
1
4
u4∆
(
v−4∆ + 1
)
, G+
SS¯
=
1
4
u4∆
(
v−4∆ + 1
)
, (34)
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and the contributions from connected diagrams are
G+S =
2
N (N2 − 1) u
1
2
−∆v
1
2
+∆
×
(
N2
(
(v − 1)
(
v∆+
1
2 − 1
)
− u
(
v∆+
1
2 + 1
))
−u∆+
3
2 + (v + 1)u∆+
1
2 + uv∆+
1
2 + u− (v − 1)v∆+
1
2 + v − 1
)
, (35)
G+Adj = −
(
N2 − 4
) (
u
(
v∆+
1
2 + 1
)
− (v − 1)
(
v∆+
1
2 − 1
))
+ 4u∆+
3
2 − 4(v + 1)u∆+
1
2
2 (N2 − 4) u
1
2
−∆v∆+
1
2
, (36)
G−Adj =
1
2
u∆−
1
2 v−∆−
1
2
(
u
(
v∆+
1
2 − 1
)
− (v − 1)
(
v∆+
1
2 + 1
))
, (37)
G−
AS¯
= 0, (38)
G+
AA¯
=
1
2
u2∆v−∆−
1
2 (−u+ v + 1), (39)
G+
SS¯
= −
1
2
u2∆v−∆−
1
2 (−u+ v + 1). (40)
The recombination coefficients solved from the crossing equation MSU(N)Adj are
(xAdj+ , xAA¯+ , xSS¯+ , yAdj−, yAS¯−) = (41)(
2 (N4 − 5N2 + 4)
N (N4 −N2 − 2)
,
(N − 3)(N + 1)N2
(N2 − 2) (N2 + 1)
,
(N − 1)(N + 3)N2
(N2 − 2) (N2 + 1)
,
2N
N2 − 2
,
N2 − 4
N2 − 2
)
.
Using the formulas (25-27), we can construct SO(N2 − 1) symmetric correlation functions
straightforwardly. In particular the disconnected correlation functions (32-34) reproduce
the SO(N2 − 1) correlator of generalized free field theory (5). The connected correlation
functions (35-40) lead to more interesting results
G′S =
u∆−
1
2 v−∆−
1
2
N (N2 − 2) (N2 + 1)
(
N4
(
2u∆+
3
2 − 2(v + 1)u∆+
1
2 − u
(
v∆+
1
2 + 1
)
+ (v − 1)
(
v∆+
1
2 − 1
))
+4
(
u∆+
3
2 − (v + 1)u∆+
1
2 − u
(
v∆+
1
2 + 1
)
+ (v − 1)
(
v∆+
1
2 − 1
))
+N2
(
−4u∆+
3
2 + 4(v + 1)u∆+
1
2 + 5u
(
v∆+
1
2 + 1
)
− 5(v − 1)
(
v∆+
1
2 − 1
)))
, (42)
G′T =
2u∆−
1
2 v−∆−
1
2
N (N2 − 1)
(
−u∆+
3
2 + (v + 1)u∆+
1
2 + uv∆+
1
2 + u− (v − 1)v∆+
1
2 + v − 1
+N2
(
(v − 1)
(
v∆+
1
2 − 1
)
− u
(
v∆+
1
2 + 1
)))
, (43)
G′A =
Nu∆−
1
2 v−∆−
1
2
(
u
(
v∆+
1
2 − 1
)
− (v − 1)
(
v∆+
1
2 + 1
))
N2 − 2
. (44)
The above correlation functions do satisfy the SO(N2 − 1) crossing equation (6)! We will
study its application in conformal bootstrap in future work.
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IV. CONCLUSION AND OUTLOOK
We have presented a novel approach to construct conformal four-point functions with
enhanced SO(N) symmetries from G ( SO(N) symmetric correlators, namely the SO(N)-
ization. This method has been verified for many examples with different symmetries and
representations, and is expected to be true in general. Our results reveal an interesting
connection between representation theory and CFTs. Similar SO(N)-ization for spinning
operators has not been studied yet but is expected, since the global symmetry is independent
of the spacetime indices of the operator. For instance, the four-point correlator of fermionic
operators is also expected to admit SO(N)-ization. A natural question is if the SO(N)
symmetry can be extended to full-fledged SO(N) symmetric theories, which requires all the
correlation functions in the theory have enhanced SO(N) symmetry.6 In some exceptional
cases the symmetry enhancement to a whole theory indeed happens. A concrete but trivial
example is given by the SO(2N) symmetry enhancement of SU(N) generalized free field
theory in section 3. It would be interesting to know under what conditions the enhanced
symmetry of correlation functions can be improved to a physical theory.
The SO(N) symmetric correlation functions (25-27) may affect the bounds from SO(N)
vector conformal bootstrap. It provides a possible solution to the puzzle in [13, 16] on how
the fixed points of fermionic gauged theories construct solutions to the SO(N) symmetric
crossing equation. It can be used to explicitly verify the conjectures made in [13, 16] for
large but finite N , with which the perturbative results of gauged fermionic theories provide
reliable cross check of the bootstrap results. Moreover, the SO(N)-ization also appears
when mixing with a singlet scalar, which suggests to bootstrap the mixed correlators with
non-singlet scalars or the conserved current to distinguish the original theory from SO(N)
symmetric correlation functions.
In 3D there are abundant scalar CFTs with different global symmetries, see Table 1 in
[26]. The SO(N)-ization may play an interesting role for their bootstrap studies. For N = 3,
6 Using the method in [16], we can prove the SO(N)-ization is also true for correlators mixed with singlets.
When mixing with non-singlet operators, the SO(N) symmetry could be explicitly broken as different
representations merged into SO(N) T or A representations may have different anomalous dimensions and
OPE coefficients. However, this does not exclude possible SO(N)-ization through recombination similar
to (25-27). We leave a more systematical study on this problem for future work.
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it is known the O(3) vector model and cubic model with symmetry Z32⋊S3 have close critical
indices. Besides the correlation function in the O(3) vector model, another SO(3) symmetric
correlation function can be constructed based the four-point correlator of the fundamental
scalar in cubic model. This symmetry enhanced SO(3) correlation function may affect the
SO(3) vector bootstrap bound. The SO(N)-ization also appears when mixed with a C3
singlet scalar. So to distinguish this solution from O(3) vector model, it could be helpful to
study mixed correlators with O(3) non-singlets.7
We end up with this question: do we have SO(N)-ization for conformal (2 + n)-point
correlation functions with n > 2? The symmetry structure in the crossing equation of
conformal four-point correlator is from 6j-symbols, and our question can be alternatively
interpreted as if there are similar properties satisfied by 3nj-symbols with n > 2.
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Appendix A: Crossing equation of SU(N) adjoint scalar
We show the relation between the crossing equations of SU(N) adjoint (MSU(N)Adj) and
SO(N2 − 1) vector scalars. We follow the convention in [24]. Crossing equation MSU(N)Adj
7 We thank David Poland for insightful discussion on this point.
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can be written in following matrix form
MSU(N)Adj =


0 0 0 −F F F
0 2F
N
0 0 − F
N−2
F
N+2
0 −F −F F
N
F
N−2
F
N+2
F −16F
N
0 0 2N
2F
(N−1)(N−2)
2N2F
(N+1)(N+2)
H −4H
N
0 −H − N(N−3)H
(N−1)(N−2)
− N(N+3)H
(N+1)(N+2)
0 H −H H
N
(N−3)H
N−2
− (N+3)H
N+2


, (A1)
in which the columns are in the order
(S+, Adj+, Adj−, (AS¯ + SA¯)−, AA¯+, SS¯+), (A2)
Following the standard approach presented in [16], the transformation matrix TSU(N)Adj can
be solved
TSU(N)Adj =


1
2(N4−2N2+2)
N4−N2−2
2N
N2−2
0 0 0
−1 −8N
4+16N2+4
−N4+N2+2
− 2N
N2−2
1 0 0
0 0 0 0 1 2N
N2−2

 , (A3)
and the recombination coefficients are given by
xAdj+ =
2 (N4 − 5N2 + 4)
N (N4 −N2 − 2)
, xAA¯+ =
(N − 3)(N + 1)N2
(N2 − 2) (N2 + 1)
, (A4)
xSS¯+ =
(N − 1)(N + 3)N2
(N2 − 2) (N2 + 1)
, yAdj− =
2N
N2 − 2
, yAS¯− =
N2 − 4
N2 − 2
. (A5)
Appendix B: Crossing equation of cubic model
The cubic model has symmetry CN = Z
N
2 ⋊ SN with scalars in the fundamental
representation. Following the convention in [14], the crossing equation of fundamental scalar
can be written in a matrix form
MCN =


0 0 F −F
F −2F
N
F F
H −2H
N
−H −H
F
(
2− 2
N
)
F 0 0

 , (B1)
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Columns in above matrix are in the order
(S+, V +, Y +, A−), (B2)
in which the S+ and A− sectors are reminiscent to these in SO(N) vector crossing equation,
while V + and Y + are decomposed from SO(N) T sector. The matrix TCN which transforms
MCN to MSO(N) is
TCN =


N+1
N+2
− 1
N+2
0 1
N+2
− 2
N+2
N
N+2
0 2
N+2
0 0 1 0

 , (B3)
and the recombination coefficients are
xV + =
2
2 +N
, xY + =
N
2 +N
, yA− = 1. (B4)
Appendix C: Crossing equation of SU(N)× SU(N) bifundamental
Many interesting 4D gauge theories have flavor symmetries SU(N) × SU(N), so this
group could play an important role in our 4D bootstrap studies. The fermion bilinears
furnish bifundamental representation of the flavor symmetry. The crossing equation of
bifundamental scalar is provided in [11]. Here we write it in a compact matrix form
MSU(N)×SU(N) =


F F
(
1
N2
+ 1
)
F
(
1
N2
+ 1
)
F 0 0 0 −2F
N
−2F
N
H H
(
1
N2
− 1
)
H
(
1
N2
− 1
)
H 0 0 0 −2H
N
−2H
N
0 0 −2F
N
−2F
N
0 0 0 2F 2F
0 0 F −F −2F F F 0 0
0 0 −H H −2H H H 0 0
F −F F
N2
− F
N2
2F F F −2F
N
2F
N
H −H H
N2
− H
N2
−2H −H −H −2H
N
2H
N
0 0 − F
N
F
N
0 −F F F −F
0 0 −H
N
H
N
0 H −H H −H


,(C1)
in which the columns are in the order
(SS+, SS−, AdjAdj+, AdjAdj−, TA−, AA+, TT+, AdjS+, AdjS−), (C2)
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where XY denotes representation X for the left SU(N) while Y for the right SU(N). The
crossing equation MSU(N)×SU(N) can be transformed into SO(2N
2) crossing equation by a
linear transformation TSU(N)×SU(N):
TSU(N)×SU(N) = (C3)

2
1−2N2
0 − 4N
2N4+N2−1
2 0 2
2N2−1
0 8N
3
2N4+N2−1
0
2
2N2−1
+ 2 0 8N
3
2N4+N2−1
0 0 2
1−2N2
+ 2 0
8N(N2−1)
2N4+N2−1
0
0 2
1−2N2
+ 2 0 0 4
1−2N2
0 2
2N2−1
+ 2 0 8N
2N2−1

 ,
and the recombination coefficients are
xAdjAdj+ =
(N2 − 1)
2
2N4 +N2 − 1
, xTT+ =
N2(N + 1)2
2N4 +N2 − 1
, xAdjS+ =
2N (N2 − 1)
2N4 +N2 − 1
, (C4)
xAA+ =
(N − 1)2N2
2N4 +N2 − 1
, ySS− =
1
2N2 − 1
, yAdjAdj− =
(N2 − 1)
2
N2 (2N2 − 1)
, (C5)
yTA− =
2(N2 − 1)
2N2 − 1
, yAdjS− =
2− 2N2
N − 2N3
. (C6)
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